0 if x σ(1) + x σ(2) + · · · + x σ(k) < y k for some k ∈ {1, . . . , n} sign(σ), otherwise
The Propositon is a consequence of the following Theorem.
Theorem 1. Fix a natural number n and set N = {1, 2, . . . , n}. Let f be any function on the power set P(N) which takes values in [−1, 1] and define g : P(N) → R by
To see that the proposition follows from the theorem, choose as f the function
To prove the theorem, we will first need some lemmas. and σ with φ(σ × a) in (2) yields (4).
Let e 1 , . . . , e n be the canonical basis of
The standard scalar product ·, · on V is defined such that {δ S , S ∈ P(N), |S| = k} is an orthonormal basis of k R n and {δ S , S ∈ P(N)} is an orthonormal basis of V . Let P ∈ End(V ) be the linear map with
Using this identification, we have g|
Lemma 2. For all v 1 , . . . , v k , w 1 , . . . , w k ∈ R n :
